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1. Heteroscedasticity and autocorrelation
In topic 1, we reviewed the linear regression model Y, = X, +u,

where: «:—192 .7
° Xf f— (]-1X2i1 ...,Xﬂ;f)f
o B=(1,P,...,0)

... and where the classic HPs hold:

X1,...Xk and the Yare iid.
there is not perfect multicollinearity; rg(X) =%
Xt and ur have nonzero finite fourth order moments.
Eu/X)=0= Eu)=0,t=1,2,..,T
Van(u) = Kud) = 0°1;.

Vanlu) =Ru?) =0?, t= 1,2, ..., T (homoscedasticity)

Cou, u) =Kuw,) = 0,vt+s (u, not serially correlated)

A

6. Normality: u ~ N(0, 0%/); u;y ~ N(O, 0?)
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1. Heteroscedasticity and autocorrelation

In this topic we will see the consequences of relaxing assumption 5
(and 1)

« HETEROSCEDASTICITY: 3/ such thatV(u|Xi) # V(u;]X;),

« AUTOCORRELATION: 3 /jsuch that Coov(uu;|X) # 0,
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1.1 Heteroscedasticity

Specifically, let's start with the estimation of the regression model with
heteroskedastic errors but without the presence of serial autocorrelation, that is to
say, assumptions 2-4 are verified while 5 becomes:

var(u;) = E(ui) = c%w;, t = 1,2,..., T heteroscedasticity
cov(ug, u,) = E(uu,) = 0,Vt # s ui not serially correlated

4

Var(u) = Kud) = 0262, where

-DJ1 0 ... 0
0 Wa ... 0

00 . w "
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1.1 Heteroscedasticity

Estimation by OLS in the presence of heteroscedasticity:

1. The OLS estimator is unbiased: E(B8)= B

T

2. The variance is:  Var(5|X) = a*(X'X) ™ (ZM(XF)XFXJ) (X' X))~

t=1
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1.1 Heteroscedasticity

Estimation by OLS in the presence of heteroscedasticity:

Var(B|X) = E|(B-E@B|X)(B - E@X)|X] =E (B -8)B-p)IX]|
— B [(X'X)"'X'uu/ X(X'X) 7 X] = (X'X) "' X B(und | X)X (X' X) !
— o (X'X)IX'QX (X' X)!

where

XX = [ X1, Xa, .. ,Xg]
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1.1 Heteroscedasticity

Estimation by OLS in the presence of heteroscedasticity:

Given that Var(3|X) # o2(X'X)!

= Therefore, 7*(X'X )" is not an appropriate estimator for Var (8 os)

As a consequence of this result, the tests that we saw when the classical
assumptions are met and that they were based on Var(B o) = 7 (X'X)™"
are not valid when the errors are heteroskedastic.

= Also, when the errors are heteroskedastic the OLS estimator is not the best
linear unbiased estimator (T. Gauss-Markov does not hold).

n
I 4@ -
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1.1 Heteroscedasticity

Asymptotic properties:
« Consistency:if the observations are iid, and assumptions (a) and (c)
hold, then the OLS estimator is consistent.

(a) E(w|X;) = 0= E(Yi|X) = X[
(c) ¥ = E(X,X]) is positive definite

Asymptotic normality: if the observations are iid, and the
assumptions (a) and (c) hold, then

VT(B - B) =4 N(0,57! (6?0) =71 U = B(w(X:) X X])

The OLS estimator is not asymptotically efficient, since the
assumption of homoscedasticity is not verified. il
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1.1 Heteroscedasticity

TYPE OF HETEROSCEDASTICITY: possible formulations and examples

o 0'F = +o Yt with o1 >0
Var(uy) = GQth 2 _ o, .WI 0
Ifa?n(rut) — (O:,"Zt)z Gt :Zt CLD with {10 >
P2
Va?ﬂ(ut) — eXp(cr’Zt) Gt2 =(G—I—Zt 0',) with &}0
Var(uw) = (o'Z) o, =, +a,0,,

k
2 .
o, = E a1, with o, >0

X; is a model regressor =

Z, is a onecolumn vector of observed
variables n
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1.1 Heteroscedasticity

EXAMPLE I:
: In this case, the variance decreases as
Graphicall ! . )
P Y the value of the independent variable
HETEROCEDASTICIDAD increases
f(u)
Densidad de

Frobabilidad
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EXAMPLE II:
Graphically

Motas
T -

f(Y/X=15)

ElY |4 = 15)

BN =20)

1.1 Heteroscedasticity

Homoscedasticidad

1 Y/X=20)
/

/ f(Y/X=25)

BY[X = 25)

Tk

LS

fll

I

0L

] P —

INOLES

Heteroscedasticidad
RYX=15)  pyrx=20)
/ / f(Y/X=25)
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1.1 Heteroscedasticity

EXAMPLE III: Given the regression
};jzﬁl-l-ﬁgX”-l-u” I'Z]_,..,,N;jz]_,“.,ﬂi

Where: E(utj) — U, E(Ui’,) — D'i Uy E(HHUM) =01 3’5 k’,_j‘ 3’5 E,

We canshow that: VvV, =3, +3.X, +u; i=1,...,.N  where

_ 1Yii  _ ™ X, oy
v, - it Yij Xﬁ_‘:ZJ—l ij ﬁz_‘_zjl ij

ng T Ty

presents heteroscedasticity. Let's calculate
E(u;.) E(ii;)? E(u;.uy,) n
I
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1.1 Heteroscedasticity
EXAMPLE III: Given the regression

}Ej:{fl+fjgxtj+utj I':]_’...,N;j:]_,...,ﬂi

where: E(u;;) = 0, E(ufj) =a2y E(ujjug) = 0Vi #k,j #1,
E(u;,) = E (Z?h uij) = 250 ) —

0
T L

‘ ni e\ 2 Mo 4 S0 uiug
E(ug.)ng(Z:L i) _ g (g it
)

C 2m Blul) + 35 Eluua) o2
nf a nf - T
_ Doy wij Dk Uk Do 20 uijuk 2oy 2oy Elugjur)
E(u;uy)=FE 5 =F 5 = 5 =
n; n; n;
« We see that E(u:.)* = o2/ni. is not constant.
e Variance-covariance matrix?

n
I
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1.1 Heteroscedasticity

EXAMPLE 1V:
Given the following model Y; = 1 + G Xo; + B3 X5 +wi.  w; ~ N(0,02)
Suppose by mistake we specify the model Y, = 3, + 3, X5, + ¢,

Therefore e: = 33X3 +u: presents heteroscedasticity since

E(e;)? =02 + 32X,

Variance-covariance matrix?
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1.1 Heteroscedasticity

Example I:
Given the following model, consumption (Y;) and income (X)

Yi=+08Xi4+u; (i=1,...,n)

being

Var(ui) = o%=a, + a,Xi

Variance-covariance matrix?
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1.1 Heteroscedasticity

A. HETEROSCEDASTICITY DETECTION:
« Graphically:
v" Graph of the variables

v' Graph of the residuals
v' Graph of the squared residuals

« Hypothesis test
v' Golfeld-Quandt test. GQ
v" Breusch-Pagan test. BP
v' White test.
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1.1 Heteroscedasticity

A. HETEROSCEDASTICITY DETECTION:Graphically:
v" Graph of the variables

A B

CASE A: homoscedastic

CASE B: increasing heteroscedasticity

x g ¥
®
x ¥ F
« =
# ® ¥
#
£ *

CASE C: decreasing heteroscedasticity

CASE D: squared heterocedasticity, it
H . increases while stepping away from the
i mean on both sides.

n
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1.1 Heteroscedasticity

A. HETEROSCEDASTICITY DETECTION: Graphically:
v' With respect to independent variables (X):
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1.1 Heteroscedasticity

A. HETEROSCEDASTICITY DETECTION: Graphically:
v’ Residuals graph:
Scatter plot of #; vs x; and of ;2 vs x?
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1.1 Heteroscedasticity

A. HETEROSCEDASTICITY DETECTION: Graphically:
v" Graph of the residuals vs y;
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1.1 Heteroscedasticity

A. HETEROSCEDASTICITY DETECTION:Graphically:

v' Graph of squared residuals

Hhomoscedasticity Linear Heteroscedasticity

el
e2

wrkdkdk 00 EhEkhkdkdkdkkdk

* dd
*hdkhkdkkikhddk ke oo ok
*hdhkEk ***ﬁﬁﬁ_ﬁ**
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1.1 Heteroscedasticity

A. HETEROSCEDASTICITY DETECTION:
» Hypothesis testing

v Golfeld-Quandt test. G-Q

v Breusch-Pagan test. BP

v' White test.

Consider the model:

Yi = PB1 + BoXo; + B3 X3 +u;, t=1,....n
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1.1 Heteroscedasticity

A. HETEROSCEDASTICITY DETECTION: hypothesis testing
v' Golfeld-Quandt test. G-Q

The test of Goldfeld-Quandt should be applied when we
suspect that the variation of the error increases with the
values of a known variable Z.

.'::Jri-3 = JiZi
The test would be:

H,.:Homoscedasticity

H,:Heteroscedasticity
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1.1 Heteroscedasticity

A. HETEROSCEDASTICITY DETECTION: hypothesis testing

v Golfeld-Quandt test. G-Q

Steps of the test:

1. Identifying the variable causing heteroscedasticity, let's say Z.

2. Order the table of data by increasing values of Z

3. SBIit the table of data in subsamples. The central subsample with m
observations, and the others two subsamples with (n — m)/2
observations. Practically m~ n/3

4. Skip the m central observations, and estimate by OLS the regression
in each subsample.

5. Calculate the RSS; and RSS,. We reject Ho if RSS,>RSS;

6. Calculate the test statistics:
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1.1 Heteroscedasticity

A. HETEROSCEDASTICITY DETECTION: hypothesis testing
v' Breush-Pagan test, BP
Consider the following model:

y=PBo+ Bx; + Bxs + ...+ Byt u

With linear heteroscedasticity: ~ E(u”) = 0 = 8, + 8,x; + &0, + ... + 8,
Which originates from the model u” = &, + 8,x; + &, + ...+ S, + v
Where E(v/ X) =0

Hypothesis to be tested:

H0:81:62:...:8k20

H,.:Homoscedasticity

H,:Heteroscedasticity

Hy:0,# 0 foranyi=1,..,k

n
I 4@
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1.1 Heteroscedasticity

A. HETEROSCEDASTICITY DETECTION: hypothesis testing

v" Breush-Pagan test, BP
We use the residuals to estimate the errors in the last equation:

0> =8, + 8,x; + &x, + ... + 8x, + error

« let's make oan F-test of joint significance of the parameters in this model.
The statistics in this case is:

P Ri/k
(1 - R22)/(n—k—1)

Fk,n—k—l

« WerejectHoif F > F,, ;1 1«
 Alternatively /LM equivalent test (blackboard)
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1.1 Heteroscedasticity

HETEROSCEDASTICITY DETECTION: hypothesis testing
v' Breush-Pagan test, BP

Steps:
1.Estimate by OLS the equation

y=PBg 1T Bix; T Boxa + ...+ By +u

2.Get the residuals i; and estimate by OLS the model
0> =8, + 8,x;, + &x, + ... + 8,x, + error

3. Calculate the F-statistic

_ Ri2/k
(1 — R22)/(n—k —1)

F Fi n—k—1

4. We reject Ho if F > F, , ;1.
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1.1 Heteroscedasticity
HETEROSCEDASTICITY DETECTION: hypothesis contrast

v" White test
Consider the following model: ¥ = 01 + o Xo; + 3 X3; +u;, i=1,...,n

Hypothesis to be tested H : E(u;) =0,
i e
'I-

1 B(ui) = H,:Heteroscedasticity

Steps:

1. Estimate by OLS and get the residuals ;
yi = 01 + (o Xo; + P3 Xz +u;, i=1,...,m

2. Estimate by OLS, the following auxiliary regression and calculate R?2

~2 2 2 n
u; = ay + asXo; + ag Xy + oy Xy, + a5 X3, + agXo, X3, + ¢
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1.1 Heteroscedasticity

HETEROSCEDASTICITY DETECTION: hypothesis testing
v' Test White

3. Calculate test statistic:
LM = nR?
distributed as a X°(p-1), (i.e. auxiliary regression degrees of freedom)

4. We reject Ho if LM > X2 p-1).a
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1.1 Heteroscedasticity
EXAMPLES: hypothesis testing
v Test GQ
Let B be the following model y,=8,+ B, V+u,  i=1,...,20
The estimate for OLS is:

Modelo 1: MCO, usando las observaciones 1-20
Variable dependiente: B

Coeficiente  Desv. Tipica Estadistico t Valor p

const 10,2229 1.35823 7.5267 <0,00001  ***
AY 00638456 00112223 5.6892 0,00002 ¥k
Media de la vble. dep. 1764500 D.T. de la vble. dep. 2,751550
Suma de cuad. residuos 5140902 D.T. de la regresion 1689987
R-cuadrado 0,642619 R-cuadrado corregido 0,622765
F(1, 18) 3236647 Valor p (de F) 0,000021
Log-verosimilitud -37.81959 Criterio de Akaike 7963917
Criterio de Schwarz 2163063 Crit. de Hannan-Quinn 20,02792 n
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1.1 Heteroscedasticity

EXAMPLES: hypothesis testing

v Test GQ
Heteroscedasticity detection:
« Graphically:
Hmm;dnhr%ﬁn.::ﬂ-nfsnnﬂa-qu:mj 5. F o I cmrup-tma on ml'mm ITRD-Cil| 6.39
@ &
& i2F
L] Y < : . .
o . . ik ) }
& I j_. R @ &
2 b VB @ *
@ & _._"_‘,f""r o

We note that if sales increase, the dispersion of the residuals also
increases, indicating the presence of heteroscedasticity n
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1.1 Heteroscedasticity

EXAMPLES: hypothesis testing

v TestGQ
Heteroscedasticity detection:
Hy 02 = o2 Ho:Homoscedasticity
« GQ test: ,
H, 0] =0.Z; H,:Heteroscedasticity

1. We sort the sample in ascending order by the variable Vi
2. We divide the sample into three parts, 20/3= 6
3. We estimate by OLS the 1st and 3rd sample
4. We calculate the test statistic
GQ= SQR2/SQR1~F_ (n-q) Go=SCR2 32935, 143
If « =5%; F(5.5)=5.05033 SCR1 1,134

Therefore 29.043>5.05033 We reject H,

n
I 4@
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1.1 Heteroscedasticity

EXAMPLES: hypothesis testing
v TestGQ
1st subsample

Modelo 1: MCO, usando las observaciones 1-7
Variable dependiente: B

Coeficiente Desv. Tipica Estadistico t Valor p

const 7.5343 1,34079 5,6193 0,00247  ***

Vv 0,100477 0,0170653 5,8878 0,00201  ***

Media de la vble. dep. 15,35714 D.T. de la vble. dep. 1,224550
Suma de cuad. residuos 1,134109 D.T. de la regresion 0.476258
R-cuadrado 0.873948 R-cuadrado corregido 0.848738
F(1.5) 34,66614 Valor p (de F) 0,002009
Log-verosimilitud -3,562349 Criterio de Akaike 11,12470
Criterio de Schwarz 11,01652 Crit. de Hannan-Quinn 9,787616
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1.1 Heteroscedasticity
EXAMPLES: hypothesis testing
v TestGQ
3rd subsample

Modelo 2: MCO, usando las observaciones 14-20 (n = 7)
Variable dependiente: B

Coeficiente Desv. Tipica Estadistico t Valor p

const 1,15735 13,7885 0,0839 0,93636

\" 0,121975 0,0889012 1,3720 0,22841

Media de la vble. dep. 20,02857 D.T. de la vble. dep. 2,748766

Suma de cuad. residuos 32.93469 D.T. de la regresion 2,566503

R-cuadrado 0,273515 R-cuadrado corregido 0,128218

F(1,5) 1,882452 Valor p (de F) 0,228412
Log-verosimilitud -15,35273 Criterio de Akaike 34,70545

Criterio de Schwarz 34.59727 Crit. de Hannan-Quinn 33.36837 n
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1.1 Heteroscedasticity

EXAMPLES: hypothesis testing
v White test

Consider a model where you want to study the relationship
between employment and GDP. GDP=3, + S,empl. + u,

Test:
H,:homecedasticity
H,:heteroscedasticity

Test statistic: Lop =nR? — y2_

Where R2 is the coefficient of determination obtained from an
auxiliary regression of the squared residuals on the explanatory
variables, their squares and their cross products.

n
I 4@
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1.1 Heteroscedasticity

EXAMPLES: hypothesis testing
v White test
We get:

T T T T T T T i s it T Tttt 1ttt e e et

white Heteroskedasticity Test:

- ————— — T —— —— T — - S = = S = TS A SE M e MRt A M SRR E T TEEREEEEST
I T F P I T T i3 1t T T Tttt -ttt e e e

F-statistic 3.698591 Probability 0.049458
Obs*R-squared 5.944912 Probability 0.051177

- —————— T S — - m s Ae S s SR M Em S e W eSS A T r E RS =TE
T T T T Tt i T Tt 1 1 & - e e

Test Equation:
LS // Dependent Variable is RESID"2

Sample: 1 18
Included observations: 18
Variable Coefficient Std. Error t-Statistic Prob
==============================================:::::::::::::::::::::::::::::
C -3.03E+11 2.39E+11 -1.266662 0.2246
EMPLEO 1.44E+09 6.56E+08 2.195207 0.0443
EMPLEO"2 -512657.3 302565.4 -1.694368 0.1109
R-squared 0.330273 Mean dependent var 2.52E+11
Adjusted R-squared 0.240976 S.D. dependent var 5.29E+11
S.E. of regression 4.61E+11 Akaike info criter 53.86446
Sum squared resid 3.19E+24 Schwarz criterion 54.01286
Log likelihood -507.3210 F-statistic 3.698591 n
Durbin-Watson stat 1.230263 Prob(F-statistic) 0.049458
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1.1 Heteroscedasticity

EXAMPLES: hypothesis testing

v" White test

Test statistic: NR2=18x0.330273=5.944

So:

No2>X? (p-1)=0.011778. We reject H,
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1.1 Heteroscedasticity

B. HETEROSCEDASTICITY TREATMENT

SOLUTIONS:

« Estimate by OLS and estimate an appropriate matrix of variance-covariance

« Estimate by Generalized Least Squares: GLS

« Estimate by Feasible Generalized Least Squares: FGLS
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1.1 Heteroscedasticity
B. HETEROSCEDASTICITY TREATMENT

« A first solution to the problem: use OLS and estimate a variance-covariance
matrix robust to HET

- When the errors are heteroscedastics, the matrix var (ﬁ oLs) IS an appropriate

estimator for the variance/covariance matrix of fg s . Tt is called White's estimator,
and allows us to make valid inference once we have estimated the model by OLS

without the need to specify the type of heteroscedasticity.

e

Varw(Buco) = (X'X)™" Zy (X'X)™!
Where %, = %ZX X!n? is the estimator of ~ Zy = Cov(Xjui) = E(X;X[u;

« This estimator makes sense,because,with the assumptions 2-4, OLS n
is consistent to g, thus i; will converge in probability to u;.




ECONOMETRICS Il

1.1 Heteroscedasticity

B. HETEROSCEDASTICITY TREATMENT

ALTERNATIVE ESTIMATION METHODS:

1. Generalized Least Squares: GLS
2. Feasible Generalized Least Squares: FGLS

Given that: Y=X B + v where U isdistributed as N (O, .Q.)
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1.1 Heteroscedasticity
B. HETEROSCEDASTICITY TREATMENT

1. MQG:
If the matrix Q is known, the transformation to be applied is:
/o, 0. 0 B
where PP= ()
P=qQ71? =
0 .. 1/ o,
- ="/ t=1.T
And the transformation is: o,

being ,gMCG = (X*X*f)_lX*Yf* or 6&1GG:(XIQ_lX)_1XIQ_lY n
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1.1 Heteroscedasticity

GLS, a case specific of known heteroscedasticity: multiplicative constant
Given Yi=p01+ 00X+ -+ Xty i=1,...,n
where E(u;) = 0, E(uf) = opw;i v E(uuj) = 0Vi # j,

Heteroscedastic model, we estimate the model by GLS, Buice = (X' 'X) 'X'Q 'y

. - ‘ - B i u;
being V(Brca) = U’i(XFQ lX) 1 u = .
Then: | |
1. B(u)=E Ui\ _ E(u;) _0

2 9 2
2. E(“:2)=E(E)=E(u”=J“wzzgi
Wy Wi Wwj
Sty E(uiu;) oy
’ '\/id_z\/{"}__? idiu.}j n

u; meets the basic assumptions
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1.1 Heteroscedasticity

GLS, a case specific of known heteroscedasticity: multiplicative constant

Given Y, =81+ FXo+ -+ X tw, i=1,....n

the transformed model is:

Y; U; .
_/{31 +r8k: r=1,...,n

Vwi \/_ \/_ \/_ Ve

Y =61 X{; + X5+ + e Xp; +u;, 1=1,...,n

If @!'=PP = Bycc=XPPX) 'XPPy
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1.1 Heteroscedasticity

GLS, a case specific of known heteroscedasticity: multiplicative constant

where (1/or 0 ... 0 )
0 1/J&m ... 0
b= : :
\ 0 0 ... 1/@n)
and the transformed data is:
/yl/\/&Tl\ (1/\/&71 Xoy/\Jwr ... Xkl/\/w_l\
y2/\/w2 1wy X/ \fws ... Xia/\/w2
Py: . Y PX = . .
\Yn/\/@n \1/V@n Xon/\Von ... Xin/\Von)
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1.1 Heteroscedasticity

EXAMPLE:
1. Consider the simple regression with heteroscedasticity Y= p1+ oX; +uyy

Write the transformed model.

2. Consider the simple regression with heteroscedasticity Y, =01+ FX; +u;

where E(ui) _ 0} E(uf) _ J;‘iﬁx"i Y E(Hiuj) = 0%z % _}'

Write the transformed model.
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1.1 Heteroscedasticity
HETEROSCEDASTICITY TREATMENT

1. FGLS:

If the matrix Q is unknown, the estimation process needs an additional
step. We want to estimate

Yi=0 + 02 X9+ + p Xpi +uy, 1=1,...,n

And we don't know the form of heteroscedasticity. If we suspect that:

U;"l =a|+asbo;+ -+ mprm: (1)

Since we don't know the o2 we need to estimate the following regression by OLS:
11;‘3‘) =)+ o + -+, + e (2)
We need to get the @, and substitute them in (1), and we obtain 5,2 n
~ 2

a, = (}l + (}QZQL; +---+ r’jspri;
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1.1 Heteroscedasticity

HETEROSCEDASTICITY TREATMENT
1. MQGF:

Once we get Eiz, the original model can be transformed in this way

X o XNpi Uy
flt—l—"'—l—lfik.‘_h—l__z* i:]_a,;;;q'r-!-
i o}

of i a;

Y; 1
— = Bh—+ 3
oF)

op

We estimate by OLS the transformed model and obtain:

3 MQGF=(X'ﬁ X)Xty




